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TH^'D^FERKINAf IQN-OP' THE CRITICAL LOAD OP A.CÖLUMN OR STI-PEENED 
-    -  .     PANEL m .COMPRESSION, W THE VIBRATION METHOD 

_ •-"-•       -      •-   = ^hy,    ;        ,/•   ;     •=•" 

E..E. Johnson and B.F. Goldhämmer • .,: 

. ABSTRACT 

The over-all buckling strength of aa elastic stiffened panel when loaded 

in, compression in a; standard hydraulic testing machine can b$ predicted accur- 

ately by the vibration- method.   It has been observed experimentally that the 

variation in fundamental frequency of a column With ä high degree of fixity under, 

applied axial loads follows closely the relationship 

y>- f = *o V * " P cr 

which makes it possible to predict the critical buckling load even though fre- 

quencies have been measured at relatively low loads.   It has also been observed 

that eccentricities in a specimen have little effect nn the critical load as deter- 

mined by observation of frequencies at low loads and that the Euler load for a 

straight column can be predicted even üiuugiiTuie specimen available is riot per- 
fectly straight.   However, at loads approaching the critical Euler load, the natural 

frequency of the, column with appreciable initial eccentricity does not approach 
zero.   This method also can be used to determine: the end restraint offered to the 

eclumri by the testing hiachine. 

"' -" INTRQDlieTION 

in connection with ah experimental study of stiffened plating in 

compression, authorized by the Bureau of Ships,1 it was decided to investi- 

gate the possible use of the vibration technique to predict the critical 

buckling strength of stiffened plating in compression. Such a method per- 

mits the determination of the critical column strength without actually re^ 

quiring, the destruction of the model. 
Furthermore, in tests of stiffened plating in compression, it is 

necessary to determine the degree of restraint exerted on the ends of the 

column by the testing machine. Although this can be done by means of strain 

gages * the technique is cumbersome; the vibration method was found to be a 

simpler and more satisfactory method. 

v, 

* References are listed on page 15. 



The vibration öf elastic bars with axialty applied, loading has been 

studied theoretically^'3 but little experimental work has been done to con- 

firm the theory, and apparently no use of the theory has been made in the de- 

termination of-'effective! length. Though, this is butr a part of the experimen- 

tal program on stiffened plating,, sufficient interest has been indicated in 

the-method to warrant its. description. Results obtained by-ihls- method will 

be compared"with those obtained by Other methods in another fMB report; 

THEORY QF VI-BRATjON OF A=?IXE1)^E1©ED  ^JMN- WITH AXI&t, LOAD 

It has been shown* that.the Tlhdamentäi frequency of vibration of 

a oih-ended column-, subjected to an axial load is , 

., cr 

wh^re f      is the frequency:,       .... 
---   -^i>_. iö-the fundamental freqpencyat zerlQ'load,      '-' 

~~ T-~ P      is the: :end^ frhrus't.,  and1" V   \    - , , 
P   . is the Euitr critical.load tor the column.. 

The effect, of end thrust ovi, the fundamental frequency of vibration 
of a fixed-ended column .may be - det^mMed approximately- as followsr 

- - —At time„t and at a -diS'tanc.fc. 3. from the «end, assume the displacement 
of the column during^-vibratioh to be 

..  .-. _   . \  _    - - A sinft-fl- - cos •:) --.;-•   ':- - 

where A is an arbitrary constant jemdLf is the frequency^of"vibration,-      " _-. • . 
The total pot ential* energy of" the system;|s. . ._ ~_ __       ". 

The" kinetic energy of the system, is . 

- 2;g jQidt) ax.' 4    gA \  ?Co il 

where m is. the weight per arii-t length and ,g is the^acceleration of gravity; 

Equating Vmax to t        gives 

Ag./87r4.EI  . '2?r2P V _ Af (± ml fs\ 
2  I    l»      "     I     )- 2 \2    g,     I 



which gives 

ör 

f = 
V~   V  m 

•T>i.l2 i 1/2 

%*• ra 

22.8 
J2 

'US 
m n 

cr 

—The exact" solution for the fundamental frequency of vibration of ä 
fixedtended coluÄn'-with no end thrust is- 

22 A 
fo = V3 

£2    F    m 

Shus^ifc^oan be Been that the same relation holds for a fixed-ended 

column as forä_üin-ended column, that is, - 

f = f. 
:cr 

Prom the foregoing, it is reasonable to assume .that the fundamental 

frequency of-vibration will vary with end thrust in this manner for any per«? 

cent""of ^end^Kixity. Thus it should be possible to apply two .or three eom^ 

pressive-ioäus of- different magnitudes to"a column, excite the fundamental 

mode of vibration and measure its frequency., and plot Ji  eurvejof load versus 

frequency. By extending this curve to. zero load, f~_ or^ ther~fr-equeney at Zero 

load may be established,. Prom this and the equation _"-_ - 

n 
it should be possible to predict the Euler- critical load for the scolumit, 

--  - " " This method might, be of -interest where the end fixity of a column 

i& unknown/ Such is usually the~ease in a column, with riveted or welded end 

connections_. __ 

i / s / s 

1(5- - 
Figure 1   - Vibration of Fixed-Ended Column 



USE OF VIBRATION METHOD IN LABORATORY TESTS OP STIFFENED PANELS ... 

In tests on the strength of stiffened panels conducted at the David 

Taylor Model Basin, the vibration method for determining the critical load of 

a stiffened plate was attempted. A five-stiffener panel, with "T" stiffeners 

welded to the plate, was used in the tests. Heavy bearing plates were welded 

to the ends of the panel; The Original panel had an over-all length of 75 

inches. This panel was subsequently altered: first by the addition of thin 

strips tö theflanges, then by reducing the length in successive steps.. Thus 

it'wäö" possible to obtain specimens of different column strengths1, with only 

loiie model.     - -  - 

An .electromagnetic Vibration generator Was used in conjunction with- 

an electronic power supply to- excite arid measure the fundamental mode of vi^- 

bratibn of the panel at various axial loads- Axial loads were applied by a. 

BaldwinTSouthwark hydraulic universal.testing machine with a capacity of 

600,000 lb. Figure 2 shows„the panel during, test with the vibration equip- 

ment in place. Figures, 3 through 6 ,show variation of fundamental frequency 

of the stiffened panel, with applied axial load for various modifications of 

the stiffened panel. 

By the method "'of least squares,, it is possible to use the measured 

values of load and frequency to determine the-critical load of the panel. 
.'-••-•=--    p a/2 

-r; == f if -~°-\ 
m_  0 \       T> / 

--•-_- cr 

is the measured frequency, 
is the frequency at zero load/ _,    _ 
is the calculated load, arid 
is the Euler -critical load. 

•where ffn 
fo 
iPc 

_ Pcr 



Figure 2 - Sfciffened Panel Model and Vibration 
Generator Set »Up in Testing Machine 
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If y   iä to be a minimum,-  .-.•..,. 

..A 
and 

cr. 

"o. 

J*fp  _-p , +=J£'f2\= o 
^ \ - m.  .cr  .^2—m/ [1] 

Prom Equation [13 

P A m       er -p2  mi y m 
fo- 

o 

:[2] 

[31 

where nis the number of data points used, in the-calculation. From-Equatton 

m    .        :\      "r   ^    -  :: •:•-.•-.  -   . 

f! 
r.p f2 ^ p    ff?+ :(-2£j r.ft - ©•• L  .mm        er 4->   ;m     \ i.2  /^  m 

[4J 

r_,   V.p   ^ A     Y~{\ 'L k   5>.'f2 = a,, and Jff* - B, and solving f or the 

critical load it is: found-to- be 

', -P cr 
-BC > JJ3BT. 

S2 .^ nD- 

ORIGINAL «©BEL   " . '     / 

-A sample"calculation is given for the model as. originally built. 

The geometric, properties' of the original model were,: 

gross-sectional area. - P-865 in* 

Tofeil moment, of inertia of cross section - 0.466^ in.- 

" ""'- 'Over-all length of model  """•:; ~~7;"~"   ' 7'5 in- 



—T --    *• 

The measured Values of load and the fundamental frequencies of vi- 

bration determined experimentally are?; 

Load P.     ~    -   - 
m Frequency f 

pounds ff: T~-'^-'cipB"-'r 

... 5Ä9® 29.2 
15,00.0 ~   ----- 27.7 
25^000 2*5.8 
35,000 23.9 
45,000                         ': 21.6 
55,:O0O 19.2   - 
65; 00.0 15-T 
70,000' i,U. i 

75,00.0 1=2.1 

-80 000 »----- - - -.            9.2. 

•4 

I- 

•Ehe calculation of P  from the above data is now possible. 

•        f2   . -m P f2 

m m f4 

m 

5.ÖQO "852 .64 4,263,200 726,995 
I^.OO© 767.29 ,   11,509,350 ,      588-, 734 
25,000 665.64. 1:6 ,,641,000 ,     443,077 

35,000 571.21 19,992,350 326,281 
U'5;v0OO 466.5:6 20,9.95,200 217,670: 
55,000 368,64 20,275,-200 135-, 895 
6'5,,ooo.   „   •• 24:6.49         ; 1:6,021. ,'850; 60,757 
70,000 :     19.8.81 ;   T3,9si*6f|00 3:9,52:5 
75,000 _I4'6.4T ;   10,980,750 21,436 

. 80,000 84,64 6,771,200 7', 164 
470,000 = A 43.68.13 ~B - Lni4i ,.34.0,320 = e 2,567^2 = p 

n = 10 

cr 
= ^^8v33,HT4l ,340,3,2~Q-L- (470,$Q®)(2,567,542) 

14368.33f - T0|2756.7,.542). " 

Pcr ,« 89,385 



;-1fr- 

n 

If this value of P'6i, is used in Euler's equation,  the effective 
length I    of the column may he determined: -r    ~-      :-,"   '~ 

Ö - .  

cr 
rgEI 
r »'" "6- 

ce"~ 

cr 09,3.85. 
1/2 

= 39^ in. 

.Since this length is slightly greater than_önerhai'f"-uhe Over-all lengthy it 
is evident that the ends of the column were not completely fixed. 

The data used in the foregoing example were obtained with :shims 
under the tearing plates of the model to compensate' for initial eccentricity. 
In ordered determine the effect of eccentricity on the natural frequency of 

vibration at various- loads, .eec.entrielty was induced in the model by removing, 
some of the shims that had beeri used to compensate for eccentric 3 ty.. 

In the following table the fundamental frequency of the panel with, 
and Without ec.centficity is given for comparison.     _ • 

Load   Pm ! 
, .m • 

.Frequency with .Eccentricity : Frequency without Eccentricity 
pounds -r-ps cps 

- 5., OO0_ 29-0' • 29.2 
1'§.j00ö      ; 27 .tt 27.7 
2'5, Ö.0Ö ' I .25.8 25.8     — - 

-.55..ÖQÜ- -: 23.6 23.9: 
45-., 000/; 21-7 • - -21.4" 

- ^5.i'Op.o; \    _    -      .         t9;>1.   -                 -     i !                            >9.2 

"65,.000'* ! :. •                   ^-l -•••                     ; -    15.7 
70,000 ; ; -         ' ns          , - l 

14. T 
-4'5,0.00 .' .     ^g.   ._-_. .         ; :-   .-          '    i;?-..i 

• It, is-noted that at low loads the measured frequencies .are very 
nearly the same" with ,Or wlphp^t.3^\t^^ÄXjssiSiSi^Jji.i^^ Jiow.euer-.^.as the-  
load is increased, above 5;5,0O0 lb in these tests, the frequency of Vibration 
of the panel with initial eccentricity becomes increasingly higher than that 
of the panel •Without' iziitiäl'-pBC;entricityi . : \ " _._."- - -——^ 

in spite of the difficulty mentioned above.,, it is possible to esti- 
mate' the critical" load of a column with initial eccentricity if only the fre- 
quencies at low loads are used In the detgiimination. For instance, it can be 
seen that the last three points in the preceding table differ for the model , 

with and without eccentricity.. Therefore/ threse values will be excluded from 

._a„ 

fS^JL 
=*-jj^r—>:s~ 



IT 

the- calculation of F „. cr ,    - 
If the procedure outlined in the-sample calculation is used with 

the data for the eccentric panel, a value of P ^ of 93,900 1b is found. ;'This 

value differs from that found from date, obtained for the •panel without .egcen.'- 
tricity 'by- only about f percent •. 

FIRST ALTERATION '  - 

The first alteration to the model was"made by welding.-thin Strips 

of steel to the flanges of the stiffeners of the panel..    This additional ma- 

terial increased the oross^sectional area to 7.1& in.2 and the moment of iner^ 
tia of the section to Q.'J^k in.4..    The length remained .75 irt. 

The loads- and fundamental frequencies- determined experimentally for 
the altered model were,: .    . 

,     --3» 
1 = v 

. 'c r» 
•4 

- 

\ 
^    ; 

V 

 s 

*, 

i ! 
'  i 

f 
! 
Z 

j 

-   i 

f 
t 

-' . 

—T ^q.H. .P.             '• 
"'"' ~ m •Frequency f^ 

pounds cps 

5,000 35.0 

35vOO0 31.2 

165,000 2'6 ' 

95„OOQ' 20-.. 5 : ~" 

'1.00,000 19.2 

i05,000 ':  -    'WS 
i.k>>.ooo  -- , ~           I*,*-  --_-,-=,- 

1T5',G.0Q,  -•""'" W.8 
_12;0-,.QÖjÖr-  --•• ---1-2-'7^ 

; '  . in.-3-.- 

Prö.öeedlng as before-, .a/value. ~of ? ^ of 1 JS-^'OO lb is obtained.   " 
•From Euler's. equation-, the effective length is-found to be_4:0Jlt_i1nJ which 

indicates., as- would W expected, that-there is less end restraint than for-' 

the more tflexiM-e^ model.     _,= „ „       -_._.__ ... ...  _.^j .     .- --    -- 

SECOND ALTERATION--1 — -' --•• -___.--_;_._.-..--_ 

The second alteration to the model consisted of reducing the length 

to, '6:0. in-, while retaining the "same crös;s-.sectional area. 

The loads and fundamental frequencies of vibration..determined ex- 
perimentally for the. second alteration- were: 

fl 

.A. 



.-/. 

1.2 

Load P._ ' . m ' frequency f- 

pounds^-. _ _._.,- cps 

5,000 51 
______   . 25,000 ;      .       49   • . 

t5-, 900.  .- 47 
65',JD0& ^3 
85^000;.    _ . _, : 40 

105^000/     - 5.6v:8-      :- 

11-0 ,.00.0 :                  35-8   - 
1.15-.. 000._..     . :     ... __       .. 35. .-. __-  • 

120,000 3'4 
i;25,.0OO 3/3 

130 „00-0 32 -•:    • 

135,000' i                 30-9 
T4o,.0OO :           \   29.2 

~1 

i.-, 

"r     Proceeding as before, a calculated, value öf F  0^2.07,700'lb is 

found. This gives ah effect'-ly-e..length of 32.8; in.    .-—-- --__- -=— 

In the" determination of the effective Length it is necessary to. 

•calculate a, moment of inertia-, for the stiffened panel... In the foregoing, anal- 

ysis ail the cros.s section was assumed fully effective in calculating the-.mo- 

ment of inertia. This assumption was arrived at on the basis of .independent 

tests1 to determine the effective length and critical load. 

Pairs of SR-4 strain gages .weije applied to the stiffener flange- and 

to the. plating uftder the stiffener at. numerous stations .along the length, of 

•the model as originally constructed.. From the difference in strain readings 

of the two gages at each station and .the stiffener depth, the curvature is 

obtained. By plotting the measured curvature against the length of the model, 

points, of zero curvature are .obtained.; l;he distance between these points is 

the effective length, This method, of determining effective length is dis-  - 

cussed in .Reference 5.. Gages, were applied on three öf the five stiffehers, 

and the .differences in strain readings were averaged at. each elevation on the : 

model. This average difference in strain "readings, which is propcix'-tioiia-i. to.- - 

curvature, is plotted against length of the model in Figure J.    From' this plot 

an effective length of 38.4 in... is, indicated, compared with 3.9.3 in. as. deter= 

mihed by the vibration method. It should be pointed out, however,, that the 

results, from the" strain gage method are affected by local irregularities in 

the initial shape of the model. In order to reduce these effects to a mini- 

mum., ä small initial eccentricity was induced in the model by shimming the 
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ends, and the curvature determination was made over ä small increment of 

loading near the critical load of the stiffened panel where Over-all bending 

of the panel was a maximum. Some effects of local irregularities are never- 

theless evident in Figur« 77 ahd the true effective length is probably more 

accurately given by the vibration method. 
After the_effective length was determined,, the model was shimmed to 

provide a minimum of eccentricity and was loaded in compression to a maximum 

of 87,000 lb. This compares with a .calculated Euler load P of-89,400 lb for 

an effective length of 39 -3 in. and a load of 93,60.0 lb-for an effective_ r 

length of 38.4 in, 
As indicated above,.the vibration method was believed to be the more 

accurate means for obtaining effective length and was employed in conjunction 

with further tests cf the panel model. It is of interest to observe the vari- 

ation in end fixity as the column stiffness- is increased. Figure 8 shows this 

Variation for three different stiffnesses of the model.. This« figure shows, 

the Variation in the ratio ©f 1/2  to I   for the range-observed. However, it 

isr .obvious that this, ratio must .approach, unity at an infinite slehderness 

ratio. By using Figure b„ it should tee possible to estimate with good accur^ 

acy the effective ~le?.gt;-n; of a? column with ends similar to-the-mede-i-s tested. 

TheL curve" has been extrapelä't;ed beyond the i/p ränge tested by continuing.. . 

the curve as a straight '-line' for lower values of \/p and by fairing the curve 

1 

to approach-.a. value of -^ o;fi -at large values of t(p 
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Some .consMepatiön might: be given ft this point to' the possible; 

applications of this vibration method of obtaining .critical load *"or- compres- 

sion members to tests outside of the materials laboratory.r- -~c—- 

— - - __      USE OP THE VIBRATtON METH0& IN FIELB TESTS ^ .^ 

^-_~- _-_In..-stEucxj^äi~ues^ column 

is not known to any degree of accuracy•* Frequently an effective lefigfcft of 

75 percent of the overfall length is used in the design of,a column with 

riveted end connections:,- A series of experiments, oh compression, mcmbero iii 

building construction» bridges, and ships to"determine the effective length 

for various types of end connections might be of interest to the design engi- 

neer. This typ<5 of investigatiop could be. conducted with a.-minimus-of experi- 

mental time and «cost by a'jing. the vibvat-io.nine.thgd which has been outlined. 

It would be necessary that these experiments be conducted during the construc- 

tion of the structure in order that, absolute, Values of load could be deter- 

mined . ... 
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Before the. compression member wa> put In place, it -•6uld be neces- 

sary to establish a series of gage points at various positions on the member. 

The distance Between these gage points would be measured, with, a Whittemore 

strain gage or similar mechanical gage before erection of the column.; This 

would give: a zero-load reference. During construction, it would be possible 

to reäd the strain gages and measure the natural frequency Of vibration at 

various stages so that a series- of values of load versus frequency of vibra- 

tion; could "bei established. Frem these data it would be possible to determine 

the critica] load for the'-column- in the manner previously, .discussed.- This 

would permit, the "accurate determination of the effective length of the member.. 

Obviously,, the determination of Baler's critical load is of inter- 

rest .only f-'or a ©plural designed to work in the elastic ränge,, that is, dhe 

that"-will fail by hvpkling foeipw- the- elastic limit rather than by yielding 

as a result of the direct "stress. -- If the. sienderness ratio of the' column is 

sufficiently small, ihe Euler critieäl stress will be higher than the",yield 

point and the column will fail when the direct stress exceeds the yield stress 

of the material,. 

GOEGLUS-IONS_ 

1.. ;T-he~ vibration technique used in conjunction withTerhyai
vaulic testing 

.machine eäh be used to predict the Euler buckling load-of an elastic compresi- 

sion member with good accuracy.. 

c". The vibration method of determining the effective length of a 

column is faster andjmore, economical than other methods and gives at least as. 

good accuracy i. .. -- 
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